In this paper, by using some fixed point theorems and the measure of noncompactness, we discuss the existence of solutions for a boundary value problem of impulsive integrodifferential equations of fractional order α ∈ (1, 2]. Our results improve and generalize some known results in (Zhou and Chu in Commun. Nonlinear
Introduction
Fractional differential equations arise in many engineering and scientific disciplines as the mathematical modeling of systems and processes in the fields of physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology, and they have been 
is continuous. By the approximation method and fixed point theorems on cone, some existence and multiplicity results of positive solutions are obtained.
Bai et al. [] investigated the boundary value problem of fractional differential equa-
is the standard Riemann-Liouville fractional derivative,  < α < . The existence of the blow-up solution, that is to say, u ∈ C(, h] and lim t→+ u(t) = ∞, is obtained by the use of the lower and upper solution method.
In this paper, motivated by the above references, we investigate the existence of solutions to the following impulsive fractional integro-differential equations with mixed boundary conditions:
where
represent the right and left limits of u(t) at t = t k , respectively. T and S are two linear operators defined by
is to be specified later. The paper is organized as follows. In Section  we recall some basic known results. In Section  we discuss the existence theorem of solutions for problem (.). In Section , we provide an example to illustrate our result.
Preliminaries
In this section, we introduce notations, definitions and preliminary results which will be used throughout this paper.
Let E be a real Banach space and denote by the family of all functions ψ : R + → R + satisfying the following conditions:
where ψ n is the nth iterate of ψ.
For each ψ ∈ , the following assertions hold:
Furthermore, we write B(x, r) to denote the closed ball centered at x with radius r and X, ConvX to denote the closure and closed convex hull of X, respectively. Moreover, let m E indicate the family of all nonempty bounded subsets of E and n E indicate the family of all relatively compact sets.
Let
We use the following definition of the measure of noncompactness given in [].
Definition . A mapping μ : m E → R+ is said to be a measure of noncompactness in E if it satisfies the following conditions: () The family ker μ = {X ∈ m E : μ(X) = } is nonempty and 
(ii) ϕ(t) < t for any t > .
For any nonempty bounded subset, X ∈ m E . For x ∈ X; T >  and ε > , let
and
In [], Banaś has shown that the function μ is a measure of noncompactness in the spaces PC(J, E). For completeness, we recall the definition of the Caputo derivative of fractional order.
provided the right-hand side is point-wise defined on (, ∞), where (·) is the gamma function.
Definition . The Riemann-Liouville derivative of order α with the lower limit zero for a function f : [, ∞) → R can be written as
where n = [α] +  and [α] denotes the integer part of α.
That is to say, Definition . is just the usual Caputo fractional derivative. In this paper, we consider an impulsive problem, so Definition . is appropriate.
Moreover, we need the following known results.
In view of Lemma ., we have the following.
) be a metric space with w-distance p and f : E → E be a given mapping. We say that f is a (γ , ψ, p)-contractive mapping if there exist two functions
for all x, y ∈ E.
In the following, we will show some fixed point theorems of Darbo type proved by Aghajani et al. and that (γ , ψ, p) is a contractive mapping, which plays a key role in the proof of our main results.
Lemma . ([]) Let be a nonempty, bounded, closed and convex subset of a Banach space E, and let T : → be a continuous operator satisfying the inequality
for any nonempty subset X of , where μ is an arbitrary measure of noncompactness and φ : R + → R + is a nondecreasing function such that lim n→∞ ϕ n (t) =  for each t ≥ . Then T has at least one fixed point in the set .
Lemma . ([]) Let p be a w-distance on a complete metric space (E, d), and let f : E → E be a (γ , ψ, p)-contractive mapping. Suppose that the following conditions hold:
(i) f is a γ -admissible mapping; (ii) there exists a point x  ∈ E such that γ (x  , fx  ) ≥ ; (iii) either f is continuous or, for any sequence {x n } in E, if γ (x n , x n+ ) ≥  for all n ∈ N and x n → x ∈ E as n → ∞, then γ (x n , x) ≥  for all n ∈ N. Then there exists a point u ∈ E such that fu = u. Moreover, if γ (u, u) ≥ , then p(u, u) = .
Main results
In this section, we establish the existence theorems of solutions for problem (.). For convenience, we give some notations. For B ⊂ PC(J, E), let B(t) = {u(t) : u ∈ B} and denote B R = {u ∈ B : u ≤ R}. Now, following [, , ], let us introduce the definition of a solution of problem (.).
By using a similar technique as in [] , Section , we obtain the following lemma.
Lemma . Let ρ ∈ C(J, E) and α ∈ (, ], a function u given by
is a unique solution of the following impulsive problem:
where t  =  and t p+ = . Then we have
We have
So, applying the boundary conditions (.), we have
In the same way, using the impulsive condition u(t k ) = u(t
which by (.) implies that
Combining (.), (.), (.) with (.) yields
Furthermore, by (.), (.), (.) and (.), we have
Hence, for k = , , , . . . , p -, (.) and (.) imply
For k = p, (.) and (.) imply
Now it is clear that (.), (.), (.) imply that (.) holds. Conversely, assume that u satisfies (.). By a direct computation, it follows that the solution given by (.) satisfies (.). This completes the proof.
To prove our main results, we state the following basic assumptions of this paper. 
t, u(t), (Tu)(t), (Su)(t) -f t, v(t), (Tv)(t), (Sv)(t)
(H) The function defined by |f (t, , , )| is bounded on J, i.e.,
(H) γ i (i = , ): E → E are continuous and compact mappings and there exists a nondecreasing and upper semicontinuous function ϕ i ∈ ; furthermore, there exist constants
The functions I k , I * k : E → E are continuous, and there exists a nondecreasing and upper semicontinuous function ϕ  , ϕ  ∈ ; furthermore, there exist constants μ >  and ρ >  such that
(H) There exists a positive solution r  of the inequality
where D is a positive constant defined by the equality
Moreover,
Theorem . Let E be a Banach space, suppose that conditions (H)-(H) are satisfied. Then problem (.) has at least one solution in the space PC(J, E).
Proof First we consider the operator Q :
It is easy to see that the fixed points of Q are the solutions of nonlocal problem (.). Set B r  = {u ∈ B : u(t) ≤ r  , t ∈ J}, then B r  is a closed ball in PC(J, E) with center θ and radius r  . For ∀u ∈ B r  , by means of (H), (H) and the triangle inequality, we get
First, we notice that the continuity of Q(u)(t) for any u ∈ PC(J, E) is obvious, and by (.), we have
and D  , D  are given by (H). Thus
Now Q is well defined, we have Q(B r  ) ⊂ B r  , where r  is a constant appearing in assumption (H). We shall show that Q is continuous from B r  into B r  . To show this, take u, v ∈ B r  and ε >  arbitrarily such that u -v < ε, for t ∈ J, we have
Furthermore, considering conditions (H) and (H), there exists a >  such that for t ≥ a we have
Then, from (.) and (.) for t ≥ a, we have
where ϕ max (ε) := max{ϕ(ε), ϕ i (ε), i = , , , }. Now we assume that t ∈ J, then by using the continuity of p  , p  on J × J × [-r, r] and condition (H), we can obtain
as ε → . Thus, we proved that Q : B r  → B r  is a continuous operator.
Now we show that for any nonempty set X ⊂ B r  , μ(QX) ≤ φ(μ(X))
. First, we demonstrate that the operator Q : B r  → B r  is equicontinuous. In view of (.), we define
In conclusion , ω(Qu, ε) →  as ε → , which implies that Q(B r  ) is equicontinuous. Linking these statements with the above estimate and formula (.), we deduce the following inequality:
Also, for fixed t ∈ J and u, v ∈ B r  , from (.) we obtain
By using condition (.) and t → ∞, we deduce that
Consequently, by considering μ defined by (.), we have
]ϕ(s) ∈ . Combining the above estimate with all properties of the operator Q, by Lemma ., we complete the proof.
Theorem . Let ξ : E × E → R
+ be a given function. Assume that the following conditions hold:
for all n ∈ N. Then problem (.) has at least one solution.
and hence Q is a γ -admissible mapping. Finally, from condition (D) we get that condition (iii) of Lemma . holds. Therefore, by Lemma ., we find x * ∈ E such that x * = Qx * , and so x * is a solution of problem (.), which completes the proof.
An example
In this section we give an example to illustrate the usefulness of our results.
Example . We consider the following impulsive fractional differential equation: Let
then the impulsive fractional differential equation (.) can be transformed into the abstract form of problem (.). We show that all the conditions of Theorem . are satisfied for problem (.). Next, let u, v ∈ PC(J, E), we calculate
Obviously, the function ϕ(t) =   ln( + t) is nondecreasing on J and ϕ(t) < t for all t > ,  (t) =  (t) = t, hence condition (H) holds.
On the other hand, the fact that M  = sup{|f (t, , , )|, t ∈ R + } =  shows condition (H)
is valid. Moreover, we have Thus, as the number r  , we can take r  = . Consequently, all the conditions of Theorem . are satisfied. Thus, problem (.) has at least one solution belonging to the ball B r  in the space PC(J, E).
Conclusions
The aim of this paper is to discuss the existence of solutions for a class of mixed boundary value problems of impulsive integrodifferential equations of fractional order α ∈ (, ]. Our results improve and generalize some known results.
